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Finite 3-subgroups in Cremona group of rank 3
ALEXANDRA KUZNETSOVA
Abstract. We consider 3-subgroups in groups of birational automorphisms of rationally connected
threefolds and show that any 3-subgroup can be generated by at most five elements. Moreover, we
study groups of regular automorphisms of terminal Fano threefolds and prove that in all cases which
are not among several explicitly described exceptions any 3-subgroup of such group can be generated
by at most four elements.
1. Introduction
The group of automorphisms of the projective space of dimension n over the field of complex
numbers is isomorphic to the group PGLn+1(C). However, if we study the group of birational auto-
morphisms instead of regular ones, the description of the group is much more complicated. The group
of birational automorphisms of the projective n-dimensional space over C is called Cremona group of
rank n; we denote it Crn(C). In case where n = 1 this group is isomorphic to PGL2(C). For larger n
the group is vast. Only for n = 2 we can describe the group completely; for n = 3 and higher we
know much less.
A possible way to study a very big group is by considering its finite subgroups. Dolgachev and
Iskovskikh [DI09] have classified all finite subgroups of Cr2(C). Beauville [Bea07] studied finite
abelian p-subgroups of this group (i.e. subgroups of order pk where p is a prime number). More
precisely, he studied embeddings of groups (Z/pZ)r to the Cremona group of rank 2, so-called ele-
mentary p-subgroups. We can see that the rank of an arbitrary abelian p-subgroup in the Cremona
group is not greater than the maximal rank of the elementary subgroup. The result from Beauville’s
paper implies the following theorem:
Theorem 1.1. Any abelian p-subgroup G in Cr2(C) can be generated by r elements, where
r 6


4, if p = 2;
3, if p = 3;
2, if p > 5;
and this bound is sharp.
Prokhorov in [Pro14] and [Pro11] has proved some restrictions on ranks of abelian p-subgroups
of Cr3(C) (in those papers Prokhorov considered elementary p-subgroups; however, as we saw above
these results imply the same results for all abelian p-subgroups). His results hold not only for the
group Cr3(C), but for a birational automorphism group Bir(X) of any rationally connected threefold;
note that in dimension 2 rational connectedness implies rationality.
Theorem 1.2 ([Pro11, Theorem 1.2], [Pro14, Theorem 1.2]). Consider a projective rationally con-
nected complex threefold and an abelian p-subgroup G in Bir(X). Then G can be generated by r
elements, where
r 6


6, if p = 2 and this bound is sharp;
5, if p = 3;
4, if p = 5, 7, 11 or 13;
3, if p > 17 and this bound is sharp.
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It is natural to ask how much of this remains to be true for not necessarily abelian p-subgroups.
In the paper by Prokhorov and Shramov [PS18] all p-subgroups of Cr3(C) for large prime numbers p
were described.
Theorem 1.3 ([PS18, Theorem 1.5]). Assume that X is a rationally connected complex threefold
and G is a p-subgroup of Bir(X). If p > 17, then G is abelian and it can be generated by 3 elements
or less.
Our goal is to give a description of all 3-subgroups of Cremona groups of rank 2 and 3. Our main
result is the following:
Theorem 1.4. Consider a projective rationally connected complex threefold X and a 3-subgroup G
of Bir(X). Then the following is true:
1. The group G can be generated by 5 elements or less.
2. If G acts by regular automorphisms on a minimal terminal G-Mori fiber space X0 of dimen-
sion 3 (for example, on a terminal GQ-Fano variety with Picard number one), then G can be
generated by 4 elements or less in all cases which are not among the following:
(a) X0 is a Fano variety, the number of its non-Gorenstein singularities equals 9 and all of
them are cyclic quotient singularities of type 12 (1, 1, 1).
(b) X0 is a Gorenstein Fano variety of Picard number one, of genus 7 or 10 and the number
of singularities of X0 equals 9 or 18.
The first assertion of this theorem can be deduced from Theorem 1.2 (see Remark 3.2). However
to prove the second assertion, more work is necessary: possibly this assertion could be used for
further improvement of the bound on the number of generators of 3-subgroups in groups of birational
automorphisms of rationally connected complex threefolds (see Remark 4.25).
Remark 3.2 and Theorem 1.1 also imply the following theorem. It can be deduced from the
Dolgachev and Iskovskikh classification of finite subgroups of Cr2(C), but we give another proof.
Theorem 1.5. Any 3-subgroup G of Cr2(C) can be generated by 3 elements or less and this bound is
sharp.
In order to prove Theorem 1.4 we can not repeat the argument used by Prokhorov and Shramov
in [PS18] to estimate the number of generators of p-subgroups. They were looking for a point on the
threefold fixed by the action of G and study its stabilizer. However in the case p = 3 it is possible that
there are no fixed points. In Example 2.6 we describe an action of the 3-group Z/3Z× Z/3Z on P2
with no fixed points. Moreover, in contrast to the result in Theorem 1.3, the groups of birational au-
tomorphisms of projective plane and rationally connected threefolds contain non-abelian 3-subgroups.
In particular, the Heisenberg group acts on P2. This group and its embedding to PGL3(C) are de-
scribed in Lemma A.5. Also the proof of Theorem 1.4 uses recent results on the number of Gorenstein
terminal singularities on Fano threefolds [Pro13a] and [Pro17]. In addition, we use new results about
groups of automorphisms of smooth Fano threefolds [KPS18].
In Example 2.8 we show that the bound on the number of generators of 3-groups in case of threefolds
can not be smaller than 4. Thus, our bound is close to being sharp. Possibly the result could be
improved if the study would be restricted only to birational automorphisms of the projective space
instead of an arbitrary rationally connected threefold.
The work is organized as follows: in §2 we list some assertions useful for study of the regular
action of 3-groups on varieties. In §3 we prove Theorem 1.5 and give some information about action
of 3-groups on some specific surfaces. In §4 we study 3-subgroups in groups of regular automorphisms
of Fano threefolds and prove Theorem 1.4. In Appendix A we estimate the number of generators of
any 3-subgroup of GLn(C) for n < 9 and state several useful assertions from linear algebra.
All varieties here are supposed to be projective, normal and defined over the field C. We denote
by Sn the group of permutations of n elements; by An the group of even permutations of n elements;
and by Cn the cyclic group of n elements. We denote by ρ(X) the Picard number of X , namely, the
rank of Picard group Pic(X).
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2. Elementary properties of 3-groups
In this section we state some properties of 3-groups with a faithful action on algebraic varieties and
give examples of such actions. We use the results and notations from Appendix A.
The variety is called G-variety, if the group G acts faithfully on it. The fiber space X → B is
called G-fiber space, if X is a G-variety and the action of G preserves the fiber space structure. For
a variety X and a point x on it by Tx we denote the Zariski tangent space to X in x.
2.1. Properties of group actions on varieties. Consider a finite group G and a G-fiber space X
over base B. Assume that the fiber of X over a general point B is isomorphic to F . Then G is a
following extension of groups:
(2.1) 1→ GF → G→ GB → 1.
Here GF ⊂ Aut(F ) is a subgroup of all elements of G inducing trivial automorphisms of the base of
the fiber space and GB ⊂ Aut(B) is a quotient group G/GF .
Lemma 2.2. Assume that X → B is a G-fiber space with a general fiber F , and G is a 3-group. If
any 3-subgroup in Aut(F ) and in Aut(B) can be generated by n or m elements respectively, then G
can be generated by n+m elements.
In particular, if X → B is a double cover, then G ⊂ Aut(B).
Proof. Since G is finite and preserves the fiber space structure, we have an exact sequence (2.1). By
Lemma A.2 since groups GF and GB can be generated by n and m elements respectively G can be
generated by n+m elements.
If X → B is a finite n-cover , then Aut(F ) ∼= Sn. In particular, if n = 2, then GF ⊂ C2. Since G
and GF are both 3-groups, then GF = 1 and G ⊂ Aut(B). 
Next assertion is useful for actions of finite groups which fix a point on the variety.
Proposition 2.3 ([Pop14, Lemma 4]). Assume that a finite group G acts on a variety X and fixes a
point x. Then G ⊂ GL(Tx).
Using the next assertion we can construct for any variety X with a birational action of a finite
group G its birational model with a regular action of G.
Proposition 2.4 (see, for instance, [PS14, Lemma-Definition 3.1]). Assume that X is a variety and G
is a finite subgroup in Bir(X). Then there exists a smooth G-variety X˜ and a G-equivariant birational
map X˜ 99K X.
The next assertion describes the group of automorphisms of Grassmannian.
Proposition 2.5 ([Cho49, Theorem I]). Consider complex vector space V of dimension n. If n 6= 2k,
we have Aut(Gr(k, V )) ∼= PGL(V ). In case n = 2k the group PGL(V ) is a subgroup of Aut(Gr(k, V ))
of index 2.
2.2. Number of generators of 3-groups. We describe an example of the action of a 3-group on
a surface which does not fix any point. This is a reason why we can not use the same strategy as
in [PS18]. Here by H3 we denote the Heisenberg group, it is described in details in Appendix A
Example 2.6. Consider the standard action of the Heisenberg group H3 on the 3-dimensional vector
space V . This action induces the faithful action of the group C3×C3 on the projective plane P(V ) ∼= P
2.
If x is fixed by this action, then the corresponding linear subspace W of V is invariant under the
action of H3. However, this contradicts to the fact that the action of H3 on V induces an irreducible
representation.
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The next example shows that the bound in Theorem 1.5 is sharp.
Example 2.7. Fix a projectivization P3 ∼= P(V ) of the vector space V with coordinates x1, x2, x3
and x4. Consider the following action on P(V ) of the abelian 3-group (C3)
3 with generators γ1, γ2
and γ3. Each γi acts non-trivially only on xi by multiplication by the primitive cube root of unity;
and γi ·xj = xj for all i 6= j. This action is faithful and it preserves the Fermat cubic surface S in P
3:
S = {(x1 : x2 : x3 : x4) ∈ P
3| x31 + x
3
2 + x
3
3 + x
3
4 = 0}.
Thus, the 3-group C33 acts faithfully on a rational surface S, though it can not be generated by less
than 3 elements. Therefore, it is a subgroup of the group Bir(P2).
The following example describes the action of a 3-group that can not be generated by less than 4
elements on a rationally connected threefold.
Example 2.8. Consider a product X = P1 × S of P1 and a Fermat cubic surface. It is a rational
threefold with a faithful action of a 3-group (C3)
4 ∼= (C3)
3 × C3. The group (C3)
3 acts on S as in
Example 2.7; the action of the group C3 is standard. Thus, the group (C3)
4 is a subgroup in Cr3(C),
though it can not be generated by less than 4 elements.
3. Preliminaries
In this section we prove Theorem 1.5 and give assertions that happen to be useful in study of
birational automorphisms of rationally connected threefolds. In particular, we estimate the number
of generators of 3-subgroups in groups of automorphisms of several concrete curves and surfaces.
3.1. Proof of Theorem 1.5. We start with the assertion connecting ranks of abelian p-subgroup in a
group of birational automorphisms of a variety and numbers of generators of a non-abelian p-subgroup
there.
Proposition 3.1. Assume that for all rationally connected varieties Y of dimension n and any
abelian p-subgroup A ⊂ Bir(Y ) we know that the rank of A is less than or equal to r. If X is rationally
connected and of dimension n, then any p-subgroup G ⊂ Bir(X) (in particular, non-abelian) can be
generated by r elements.
Proof. By Proposition 2.4 there exists a birational model X˜ of X with a regular action of G. Con-
sider a Frattini subgroup Φ(G) ⊂ G the intersection of all maximal subgroups of G. The quotient
group A = G/Φ(G) is an abelian group and it acts on a quotient variety Y = X˜/Φ(G). This quotient
variety is rationally connected and of dimension n; thus, the rank of the group A is less than or equal
to r. Therefore, by the Burnside theorem [Hal76, Theorem 12.2.1] the group G can be generated by r
elements. 
Now conclude from this fact Theorem 1.5.
Proof of Theorem 1.5. Theorem 1.1 gives us the bound on the rank of abelian 3-groups acting on
rational surfaces. Proposition 3.1 implies the result. 
Remark 3.2. Theorem 1.2 gives us the bound on ranks of abelian 3-subgroups acting on rationally
connected threefolds. Thus, Proposition 3.1 implies that any 3-subgroupG ⊂ Bir(X) can be generated
by 5 elements.
3.2. Curves and surfaces. In this work we need to estimate p-subgroups of the group of automor-
phisms of a curve C of the genus g greater than 1. The Riemann–Hurwitz formula shows that the
order of such a group is not greater than 84(g − 1). However, this bound is not sufficient in some
cases. Since all p-groups are nilpotent; the result [Sch16, Theorem 1.2] implies a better bound for the
order of a p-subgroup G ⊂ Aut(C):
(3.3) |G| 6 16(g − 1).
Using this formula we can study 3-groups acting on the Jacobian of a curve.
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Lemma 3.4. Assume that Jac(C) is the Jacobian of a curve C of genus 2 and G is a 3-group with a
faithful action on Jac(C) preserving its polarization. Then G can be generated by 2 elements.
Proof. By Torelli theorem for curves automorphisms of Jac(C) preserving its polarization form a
subgroup of the group Z/2Z×Aut(C). Thus, the group G is a subgroup of Aut(C). By (3.3) we get
|G| 6 |Aut(C)| 6 16(g(C)− 1) = 16.
Since the order |G| is a power of 3, by Lemma A.1 we conclude that G can be generated by two
elements. 
Now we use the formula (3.3) for a fiber space over a curve.
Lemma 3.5. Assume that S is a projectivization of a vector bundle of rank 2 over a curve C of
genus 3 and G is a 3-subgroup in Aut(S). Then G can be generated by 4 elements.
Proof. Any automorphism of such surface commutes with the projection to C. By (3.3) any 3-subgroup
of Aut(C) has an order less than or equal to 32; thus, it can be generated by 3 elements. The fiber of
the projection to C is isomorphic to a projective line; thus, by Lemma A.6 any 3-group with a faithful
action on fiber is cyclic. By Lemma 2.2 this implies that G can be generated by 4 elements. 
4. Automorphisms of 3-dimensional Mori fiber spaces
4.1. Preliminaries. We call X a GQ-factorial variety, if it is a G variety and any G-invariant Weil
divisor is a Q-Cartier divisor, i.e. its power is a Cartier divisor. The terminal G-variety X is a GQ-
Fano variety, if it is GQ-factorial , the anticanonical class −KX is ample and the rank of the group
Pic(X)G equals 1.
We study groups of regular automorphisms of minimal terminal G-Mori fiber spaces of dimension
3. They are either GQ Fano threefolds or G-Mori fiber spaces X → B such that dim(B) > 0, the class
−KX/B is relatively ample and the rank of the relative G-invariant Picard group Pic(X/B)
G equals
1.
In the following assertion we are describe 3-subgroups with a regular action on a G-Mori fiber
space.
Lemma 4.1. If X → B is a G-Mori fiber space of dimension 3 and dim(B) > 0, then a 3-subgroup G
in Aut(X) can be generated by 4 elements.
Proof. The base B is rationally connected as well as the general fiber of the map to B. Thus, by
Lemma 2.2 and the bounds in Theorem 1.5 and Lamma A.6 we get the result. 
Our next goal is to study 3-subgroups in groups of regular automorphisms of GQ-Fano threefolds.
Let us introduce are some important invariants of smooth and Gorenstein Fano varieties. The index
of a Gorenstein Fano variety X is a maximal number r such that there exists an element H of the
Picard group of X such that
−KX ∼ rH.
Any automorphism f of X preserves the line bundle O(H) since f∗KX ∼ KX and the group Pic(X)
is torsion-free by [IP99, Proposition 2.1.2].
Another invariant of Fano threefold of index 1 is its genus :
g = dim(H0(X,O(H)))− 2.
Since X is a Fano variety, the line bundle O(H) is ample and its linear system induces the following
map:
φ|H| : X 99K P(H
0(X,O(H)))∨ ∼= Pg+1.
We call X a del Pezzo threefold of degree d if X is a terminal Gorenstein Fano threefold of index 2
and H3 = d.
Proposition 4.2 ([IP99, Table 12.4]). Smooth Fano threefold with Picard number 1 are classified:
1. If r = 1, there are ten families of smooth Fano threefolds of genera 2, . . . , 10 and 12;
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2. if r = 2, there are ten families of smooth Fano threefolds; namely, del Pezzo threefolds of
degrees 1, . . . , 5;
3. if r = 3 there is a unique family of smooth Fano threefolds: namely, smooth quadric hypersur-
faces in P4;
4. if r = 4 there is a unique smooth Fano threefold: P3.
The full classification of smooth Fano threefolds and there invariants (Picard ranks and Hodge
numbers h1,2) are given in tables.
4.2. Singular Fano varieties. In dimension three the result of minimal model program is a variety
with terminal singularities. We need the following assertion.
Theorem 4.3 ([Rei87, Proposition 3.6]). Any terminal singularity x ∈ X of dimension 3 is locally
isomorphic to Y/Γ, where Γ ∼= Cr acts on Y freely outside the point y. The point y is a cDV -singularity
or a smooth point (thus, it is a Gorenstein singularity). Variety Y in this case is a projectivization of
a canonically constructed sheaf of algebras on an open subset of X.
The next assertion describes groups preserving a terminal point on a threefold X .
Lemma 4.4 (c.f. [Pro11, Lemma 2.4]). Assume that X is a threefold with terminal singularities
and G is a 3-subgroup in Aut(X) preserving a point x ∈ X. Then G can be generated by 3 elements.
Proof. Now we assume that x is not a smooth point. Then by Theorem 4.3 there exists a variety Y and
a cyclic group Γ such that X is locally isomorphic to a quotient variety Y/Γ. Since the construction
of Y is canonical, an extension G˜ of G acts on Y and this action commutes with the projection to Y/Γ.
Since the Sylow 3-subgroup of G˜ maps surjectively to G by Lemma A.2 it suffices to prove that G˜ can
be generated by 3 elements. Thus, we reduct to the case x is cDV -singularity.
If x is a Gorenstein terminal point then by [Rei87, Corollary 3.12] the tangent space Tx is of
dimension less or equal than 4. Thus, by Proposition 2.3 the group G is a subgroup of GL4(C) and
by Proposition A.11 can be generated by 4 elements.
Moreover, if x is a smooth point, then dim(Tx) = 3 and G can be generated by 3 elements by
Proposition A.11.
Assume that G can not be generated by less than 4 elements. Then by Corollary A.9 it either
contains a subgroup of the torus of GL4(C) of rank 4 or it is a product of a 3-subgroup of a one-
dimensional toris and a group H generated by matrices (A.10).
In the first case replacing elements of G by there degrees we can assume that G ∼= C3〈g1, . . . , g4〉 is
isomorphic to C43. Choose coordinates z1, z2, z3 and z4 of Tx such that the action of G is diagonal.
gi · zj =
{
ζzi, if i = j;
zj, otherwise.
Here ζ is a cube root of unity. Point x is a cDV -singularity, it is given by the equation f(z1, z2, z3, z4)
from the list [Rei87, Section 6]. In particular, f is an irreducible polynomial semi-invariant under
elements gi. Moreover, f has a non-trivial quadratic part.
After renumeration of the coordinates we can assume that z21 or z1z2 has non-zero coefficient in f .
Then g1 acts on f with a non-trivial eigenvalue. Since on zj the element g1 acts trivially, all monomials
of f are divizible by z1. This contradicts to the fact that f is irreducible.
If G contains an element g1 as before and elements σ and t preserving z1 and on z2, z3, z4 acting
as matrices (A.10). Consider the quadratic part f2 of f . It is semi-invariant under the action of G
Thus, it is either 0 or z21 . There is an only equation in the list [Rei87, Section 6] with such a property
and in this case the cubic part f3 of f is also non-trivial. However, such a polynomial can not be
semi-invariant under our group action. Thus, this situation is also impossible and G can be generated
by 3 elements. 
Remark 4.5. Lemma 4.4 shows that any cDV -singularity is not invariant under the faithful action of
a 3-group generated by 4 elements. This result can not be improved: there exist cDV -singularities fixed
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by the action of the group C33. For instance, consider cA1-singularity with an equation z
2
1 + z2z3 + z
3
4
in a four-dimensional space. It is invariant under the action of a group with following generators:
C33
∼=
〈
diag(ζ, ζ−1, 1, 1), diag(ζ, 1, ζ−1, 1), diag(1, 1, 1, ζ)
〉
⊂ GL4(C)
Lemma 4.4 implies the following corollary
Lemma 4.6. Assume that X is a terminal Fano threefold and G is a 3-subgroup of Aut(X). If the
length of the G-orbit of a point x ∈ X equals N < 27, then G can be generated by 5 elements. If N < 9,
then G can be generated by 4 elements.
Proof. Consider the stabilizer Stab(x) of x. It is a 3-subgroup of G of index N = 3k. By Lemma 4.4
the group Stab(x) is generated by 3 its elements. Lemma A.1 implies the result. 
There is an important fact that any Gorenstein terminal Fano threefold is a deformation of smooth
Fano threefold; it is called Namikawa smoothing [Nam97]. I.e. there exists a family
X → B ∋ 0,
the general fiber of X is a smooth Fano threefold and the central X0 is isomorphic to X . Moreover,
we can estimate the number N of singularities on the central fiber X0 by parameters of the general
smooth fiber Xb:
(4.7) N 6 20− ρ(Xb) + h
1,2(Xb),
here h1,2(Xb) is a dimension of the cohomology group H
1,2(Xb).
Namikawa bound implies the following result.
Corollary 4.8. Assume that X is a Gorenstein terminal singular Fano threefold, ρ(X) = 1 and G
is a 3-subgroup in Aut(X). If for a general fiber in Namikawa smoothing we have r(Xb) = 1
and g(Xb) > 6, then G can be generated by 5 its elements. Moreover, if the number of singulari-
ties of X differs from 9 and 18 the group G can be generated by 4 elements.
Proof. Consider a singular point x on X . The bound (4.7) and [IP99, Tables 12.6–12.7], implies that
the length of the orbit of x is less than 27. Then by Lemma 4.6 the group G can be generated by 5
elements.
If number of of singularities of X differs from 9 and 18, then there exists a singularity x on X
with orbit of less than 9 points. In this situation by Lemma 4.6 the group G can be generated by 4
elements. 
Recall that the index of a non-Gorenstein singularity x on a variety X is a minimal number n such
that nKX is a Cartier divisor in a neighborhood x.
Corollary 4.9. Assume that X is a terminal Fano threefold with a non-Gorenstein singularity and G
is a 3-subgroup in Aut(X). Then G can be generated by 5 elements. Moreover, G can be generated
by 4 elements unless there is exactly 9 singularities on X and they all are cyclic quotient-singularities
of type 12 (1, 1, 1).
Proof. For a terminal singularity xi on X there exists a set (basket) of virtual quotient-singularities yij
of indexes rij , where j = 1, . . . , li. By [Rei87, Corollary 10.3] and [Kaw92] we have the following
inequality:
(4.10)
N∑
i=1
li∑
j=1
(
rij −
1
rij
)
< 24,
here N is a number of all non-Gorenstein singularities on X . This implies that N < 16; thus, by
Lemma 4.6 the group G can be generated by 5 elements.
If the number of singularities on X differs from 9, we can find a non-Gorenstein point x on X with
orbit of less than 9 points and by
8 ALEXANDRA KUZNETSOVA
If N = 9 and G is transitive on the set of singularities, then numbers li = l in formula (4.10)
coinside and rij = rj do not depend on i. Thus, we can rewrite the inequality (4.10) in a following
way:
l∑
j=1
(
rj −
1
rj
)
<
8
3
.
Then l = 1 and r1 = 2 and all non-Gorenstein singularities of X are cyclic quotient-singularities. (see
the proofs of [Rei87, Theorem 9.1, Theorem 10.2]). Since r1 = 2, they are of type
1
2 (1, 1, 1). 
4.3. Fano threefolds with ρ > 1. In this section we study Fano threefolds with Picard lattice of
rank greater than 1. As before we consider Fano threefolds such that the rank of the group Pic(X)G
equals 1. The following assertion is useful in this situation.
Theorem 4.11 ([Pro13b, Theorem 1.2, Theorem 6.6]). Assume that X is a terminal Gorenstein Fano
threefold, ρ(X) > 1 and G is a finite group with an action on Pic(X) preserving the intersection form
and the canonical class. If we have Pic(X)G ∼= Z, then X is one of the following list:
1. ρ(X) = 2;
2. X ∼= P1 × P1 × P1;
3. There is a double cover f : X → P1 × P1 × P1 branched along an element of the linear
system | −KP1×P1×P1 |;
4. X is a blow up of a divisor W of bidegree (1, 1) in P2× P2 in a curve C of bidegree (2, 2) and
the composition C →֒W → P2 × P2
pri
−−→ P2 is an embedding for both projections pr1 and pr2;
5. X is a divisor of multidegree (1, 1, 1, 1) in P1 × P1 × P1 × P1.
This theorem implies the following.
Lemma 4.12. Assume that G is 3-group and X is a terminal Gorenstein GQ-Fano threefold such
that ρ(X) > 1. Then G can be generated by 4 elements.
Proof. Consider all cases from Theorem 4.11. Assume that ρ(X) = 2 as in the point 1 of Theorem 4.11.
Then by Lemma A.16 the sublattice Pic(X)G of the rank 2 lattice Pic(X) can not be of rank 1.
Therefore, the threefold X is not G-minimal.
Consider 3-subgroup G of the group of automorphisms of X = P1 × P1 × P1 as in the point 2 of
Theorem 4.11). Consider the subgroup H in G of automorphisms of X with trivial action on Pic(X).
Then H is a subgroup of a group PGL2(C)× PGL2(C)× PGL2(C); thus, by Lemma A.6 the group H
can be generated by 3 elements. The quotient group G/H acts faithfully on the lattice Pic(X) ∼= Z3.
Then it is a subgroup of GL3(Z) and by Lemma A.15 it is cyclic. Therefore, by Lemma A.2 the group
G can be generated by 4 elements.
Consider a 3-group G with a faithful action on the double cover f : X → P1 × P1 × P1 as in the
point 1 of Theorem 4.11. Denote by H the kernel of action of G on Pic(X). The group G/H acts
faithfully on the Picard group Pic(X) ∼= Z3. Thus, G/H is cyclic by Lemma A.15. The group H
fixes all linear bundles on X ; in particular, it preserves the linear system |(pri ◦ f)
∗OP1 |. Thus, any
element of H maps the fiber of f to a fiber of f and preserves the structure of the double cover f . By
Lemmas 2.2 and A.6 the group H can be generated by three elements. Therefore, by Lemma A.2 the
group G can be generated by 4 elements.
Consider the blow up X of W along C as in point 4 of Theorem 4.11. By [IP99, Table 12.4] there
exists three contractions of an exceptional divisor on X toW and there exist three exceptional divisors
E1, E2 and E3. Consider the normal subgroup H of G which fixes these three divisors. This group
H acts regularly on W and fixes there the curve C. Moreover, since ρ(W ) = 2 the 3-group H acts
trivially on Pic(W ). Thus, the group H preserves the structure of the projective bundle
W ∼= PP2(TP2)→ P
2.
Then by Lemma 2.2 the group H can be generated by 3 elements. Therefore, G can be generated by
4 elements by Lemma A.2..
Finite 3-subgroups in Cremona group of rank 3 9
Finally, consider the divisor X of multidegree (1, 1, 1, 1) in P1 × P1 × P1 × P1 as in point 5 of
Theorem 4.11. By the table [IP99, Table 12.5] there are exactly 4 different contractions from X
to P1 × P1 × P1. The 3-group G can not act transitively on the set of 4 divisors; thus, it fixes one of
them. Therefore, G is not a G-minimal variety; this contradicts to the assumption. 
4.4. Fano threefolds with ρ = 1.
4.4.1. |−KX | does not induce an embedding. First consider a Fano threefold such that its anticanonical
linear system has a non-trivial base locus.
Lemma 4.13. Consider a terminal Gorenstein Fano threefold X such that the linear system | −KX |
has a non-empty base locus. Any 3-subgroup G ⊂ Aut(X) can be generated by 3 elements.
Proof. By [Shi89, Theorem 0.5] the base locus B = Bs(| −KX |) of a Fano threefold is either a point
or a projective line P1. If B is a point, then any automorphism of X fixes it. Thus, by Lemma 4.4
the group G can be generated by 3 elements.
If B is isomorphic to P1, then by Lemma A.6 the group G fixes a point on B. Thus, by Lemma
4.4 the group G can be generated by 3 elements. 
Recall that for any subvariety Y in a projective space which is not contained in a hyperplane we
have an inequality codim(Y ) + 1 6 deg(Y ). Moreover, in case when we have an equality Y is called
a variety of minimal degree. Such varieties are classified, see, for instance, [IP99, Theorem 2.2.11]; in
this situation Y is either a projective space, a quadric hypersurface, a scroll, a Veronese surfaceor a
cone over a scroll or a Veronese surface. Recall also that a scroll is the image of the projectivization
of a vector bundle P (
⊕
OP1(ai)), where all ai < 0 under the map induced by the linear system
|O
P(
⊕
O
P1
(ai))(1)|. In the next lemma we study the 3-groups with a faithful action on a variety of
minimal degree.
Lemma 4.14. Assume that Y is a variety of minimal degree and G is a 3-subgroup in Aut(Y ). If
dim(Y ) = d and d < 7, then G can be generated by d elements.
Proof. If Y ∼= Pd, then by Proposition A.11 the group G can be generated by d elements.
If Y is a scroll. then the projection from Y to P1 is canonical; and G preserves the structure of the
projective bundle. By Lemma 2.2 and Proposition A.11 the group G can be generated by d elements.
If Y is a cone over a scroll or a Veronese surface, then the vertex of the cone Z ⊂ Y is a projective
space of codimension c in Y . A blow up of Y in Z is a Pc-fiber space over P1, P2 or a (d−c)-dimensional
scroll. The group G preserves the vertex of a cone; thus, it acts regularly on the blow up. Then by
Lemma 2.2 we get the result.
If Y is a d-dimensional quadratic hypersurface in Pd+1, then by Lemma A.17 the group G can be
generated by d elements. 
Now we study the Fano varieties such that the base locus of |−KX | is empty and this linear system
induces a double cover.
Lemma 4.15. Assume that X is terminal Gorenstein Fano threefold and the linear system | −KX |
induces a regular map which is not an embedding. Then a 3-subgroup G of Aut(X) can be generated
by 3 elements.
Proof. By [IP99, Proposition 2.1.15], if φ|−KX | is base point free, then its degree equals 1 or 2. Since
the map φ|−KX | is not an embedding, its image in the linear system | −KX | is a variety of minimal
degree with isolated singularities. By Lemmas 2.2 and 4.14 the group G can be generated by 3
elements. 
4.4.2. Del Pezzo varieties. The previous assertions implies the following result for del Pezzo varieties.
Corollary 4.16. Assume that X is a terminal Gorenstein G-del Pezzo threefold with ρ(X) = 1 and G
is a 3-group. Then G can be generated by 4 elements.
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Proof. If the anticanonical system | −KX | does not induce an embedding to the anticanonical linear
system, then by Lemmas 4.13 and 4.15 the group G can be generated by 3 elements.
If the degree of X equals 3 and | −KX | induces an embedding, then G is a subgroup of PGL5(C).
Thus by Proposition A.11 the group G can be generated by 4 elements.
IfX is a del Pezzo variety of degree 4, then by [IP99, Theorem 3.2.5] it is isomorphic to the complete
intersection of two quadric hypersurfaces. Thus, there is a 1-dimensional pencil of quadrics passing
through X . By Lemma A.6 the group G preserves one hypersurface in this pencil. Thus, we have a
faithful action of G on a quadric hypersurface of dimension 4. Lemma A.17 implies that G can be
generated by 4 elements.
If X is a G-del Pezzo threefold of degree 5, then by [Pro13a, Theorem 1.7] it is smooth. By
[Muk88, Proposition 4.4] we get that the group Aut(X) is isomorphic to PGL2(C). Thus, Lemma A.6
the group G is cyclic. 
4.4.3. Fano threefolds of index 1.
Lemma 4.17. Assume that X is a terminal Gorenstein Fano threefold with Picard number 1, index 1
and genus g < 5. If G is a 3-subgroup of Aut(X) then it can be generated by 4 elements.
Proof. If the linear system |−KX| does not induce an embedding, then by Lemmas 4.13 and 4.15 the
group G can be generated by 3 elements. From now on we assume, that |−KX | induces an embedding
to a projective space Pg+1.
If g = 3 and | −KX | induces an embedding to P
4, then G is a subgroup of PGL5(C). Proposition
A.11 implies that G can be generated by 4 elements.
If g = 4 then | − KX | induces an embedding of X to P
5, then by [IP99, Proposition 4.1.12] the
variety X is an intersection of a cubic and a quadric hypersurfaces. Thus, G preserves a 4-dimensional
quadric passing through X . By Lemma A.17, the group G can be generated by 4 elements. 
Lemma 4.18. Assume that X is a terminal Gorenstein Fano threefold with Picard number 1, index 1
and genus g = 5. If G is a 3-subgroup of Aut(X) then it can be generated by 4 elements.
Proof. By Lemmas 4.13 and 4.15 we can assume that | −KX | induces an embedding.
By [IP99, Proposition 4.1.12] the threefoldX is isomorphic to the intersection of 3 quadric hypersur-
faces Q1, Q2 and Q3 in P
6. The group G acts on the linear system |−KX |. Thus, the Sylow subgroup
of G˜ the preimage of G in GL7(C) has the representation in the vector space H
0(X,O(KX)))
∨ of
dimension 7. There exists a 4-dimensional subrepresentation of G˜ in H0(X,O(KX)))
∨. Therefore, we
can find a G-invariant subspace Π ∼= P3 of dimension 3.
Consider the intersection Y = Π ⊂ X . Since X is irreducible, it is not empty and proper in Π.
Moreover, Y is G-invariant subvariety of X . By Lemma A.18 there is a subgroup H of G of index
less than or equal to 3 preserving a point y on Y . Then Lemmas 4.4 and A.1 implies that G can be
generated by 4 elements. 
Lemma 4.19. Assume that X is a terminal Gorenstein Fano threefold with Picard number 1, index 1
and genus g = 6. If G is a 3-subgroup of Aut(X) then it can be generated by 4 elements.
Proof. By Lemmas 4.13 and 4.15 we can assume that | −KX | induces an embedding.
Denote by Y the intersection of all quadric hypersurfaces in the linear system | − KX | passing
through X (c.f. [Pro19, Example 4.3.3]). It is a G-invariant variety; thus, G ⊂ Aut(Y ). If Y does not
coinside with X , then it is of dimension 4 and it is a variety of minimal degree (see, for instance, proof
of [Isk78, Proposition 2.3]). Therefore, by Lemma 4.14 the group G can be generated by 4 elements.
Now assume that X coinsides with the intersection of all quadratic hypersurfaces passing through
it. Any curve in the intersection of X and two hyperplane section of X is an intersection of quadric
hypersurfaces too. Its genus equals to 6. By [DK18, Proposition 2.12] this is a Clifford general curve.
By [DK18, Proposition 2.15] the threefold X is a Gushel–Mukai variety [DK18, Definition 2.1]. Thus,
there exists an embedding or a double cover X → Gr(2, 5) and this map is Aut(X) invariant. Then
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by Lemma 2.2 the group G is a subgroup of Aut(Gr(2, 5)). By Propositions 2.5 and A.11 the group
G can be generated by 4 elements. 
Lemma 4.20 (c.f. [PS18, Lemma 7.6]). Assume that X is a terminal Gorenstein GQ-Fano threefold
with Picard number 1, index 1 and genus g = 8, 9 or 12. If G is a 3-group then X is a Q-factorial
variety.
Proof. As in proof of [PS18, Lemma 7.6] we can show that if X is not a Q-factorial variety, then it
is birational to a terminal Gorenstein Fano threefold Y with the following condition on the degree of
the canonical class:
−K3Y > 2g(X)− 2 + (3− 1)(4g(X)− 6) > 66.
By [IP99, Tables 12.6–12.7] the degree of any smooth Fano variety less than 65. Since the degrees of
the canonical classes are same in all fibers in the Namikawa smoothing [Nam97] we get a contraction.
Thus, X is a Q-factorial variety. 
Now we study singular Fano varieties of genus greater than or equal to 8.
Lemma 4.21. Assume that X is a terminal Gorenstein GQ-Fano threefold with Picard number 1,
index 1 and genus g = 8, 9 or 12. If G is a 3-group then it can be generated by 4 elements.
Proof. By Lemma 4.20 the variety X is Q-factorial. By [Pro17, Theorem 1] there are at least 1 and
at most 5 singular points on X . Thus, Lemma 4.6 implies the result. 
Now we study smooth Fano threefolds of genus greater than or equal to 7. In order to do consider a
smooth Fano threefold and its very ample linear system |−KX |. Denote by S(X) the Hilbert scheme
of conics on X in the anticanonical embedding. We recall the following set of facts about these Hilbert
schemes[KPS18, Theorem 1.1.1, Lemma 4.2.1, Lemma 4.3.4, Corollary 4.3.5].
Proposition 4.22. If X is a smooth Fano threefold of index 1 and g(X) > 6, then S(X) is a smooth
surface and
(i) if g = 7, then S(X) is a symmetric square of a smooth curve C of genus 7;
(ii) if g = 9, then S(X) is a projectivization of a vector bundle of rank 2 over a curve of genus 3;
(iii) if g = 10, then S(X) — is a Jacobian Jac(C) of a smooth curve C of genus 2 ;
(iv) if g = 12, then S(X) ∼= P2.
Moreover, the group Aut(X) acts faithfully on S(X) and in case of g = 7 on the curve C.
This assertion implies the bound for smooth Fano threefolds of big genus.
Lemma 4.23. Assume that X is a smooth Fano threefold of index 1 and g(X) = 7, 9, 10 or 12.
Then a 3-subgroup G in Aut(X) can be generated by 4 elements.
Proof. By Proposition 4.22 the group G is a subgroup of Aut(S(X)).
If g = 12, the group Aut(S(X)) is isomorphic to PGL3(C). Thus, Proposition A.11 implies that G
can be generated by 2 elements.
If g = 10, the surface S(X) is a Jacobian of a curve of genus 2 and the group G preserves its
polarization. Thus, by Lemma 3.4 the group G can be generated by 2 elements.
If g = 9, by Lemma 3.5 the group G can be generated by 4 elements.
If g = 7, by Lemma 4.22 the group G is a subgroup of Aut(C) and C is a curve of genus 7. The
bound (3.3) implies
|G| 6 16 · (g(C) − 1) = 96 < 35.
Thus, the group G can be generated by 4 elements. 
The next assertion describes 3-groups with faithful action on Fano threefolds of genus 8.
Lemma 4.24. Assume that X is a smooth Fano threefold of index 1 and genus 8. Then a 3-subgroup G
in Aut(X) can be generated by 4 elements.
12 ALEXANDRA KUZNETSOVA
Proof. As was shown in [KPS18, Section B.6] there exists a canonical construction of a smooth del
Pezzo threefold Y of degree 3 by a a smooth Fano threefold X of index 1 and genus 8. The action
of G on X induces an action of G on Y ; this action can be not faithful. By [KPS18, Proposition B.6.3]
the Hilbert scheme S(Y ) of lines on Y is isomorphic to the Hilbert scheme of conics Σ(X) on X . The
action of G on Σ(X) is faithful by Proposition 4.22. Thus, the action of G on Y is also faithful. Thus,
by Corollary 4.16 the group G can be generated by 4 elements. 
4.5. Proof of Theorem 1.4. Remark 3.2 proves the first assertion of Theorem 1.4. To prove the
second assertion we consider several cases.
If X0 is a G-Mori fiber space, then by Lemma 4.1 the group G can be generated by 4 elements.
From now on we assume that X0 is a terminal G-Fano threefold.
If on X0 there is a non-Gorenstein terminal singularity and it is not the variety described in
point (a), then by Corollary 4.9 the group G can be generated by 4 elements. From now on we assume
that X0 has only Gorenstein singularities.
If X0 is a Fano threefold and ρ(X) > 1, then by Lemma 4.11 the group G can be generated by 4
elements.
If X0 is a Fano threefold, ρ(X) = 1 and index of X is greater than 2, then X0 is a quadric hyper
surface or a projective space. By Proposition A.11 and 4.14 the group G can be generated by 3
elements.
If X0 is a del Pezzo variety, then by Corollary 4.16 the group G can be generated by 4 elements.
If X0 is a Fano threefold of index 1 and genus less than 7, then by Lemmas 4.17, 4.18 and 4.19 the
group G can be generated by 4 elements.
If X0 is a Gorenstein singular Fano threefold of index 1 and genera 8, 9 or 12, then by Lemma 4.21
the group G can be generated by 4 elements.
If X0 is smooth Fano threefold of index 1 and genus greater than 6, then by Lemmas 4.23 and 4.24
the group G can be generated by 4 elements.
If X0 is a singular Gorenstien Fano threefold of index 1 and genera 7 and 10 and the number of
singularities on X0 differs from 9 or 18, then by Corollary 4.8 the group G can be generated by 4
elements. This finishes the proof of Theorem 1.4.
Remark 4.25. Theorem 1.4 implies that if there exists a 3-subgroupG of a group Bir(X) of birational
automorphisms of a rationally connected threefold X and G can not be generated by less than 5
elements, then the group G acts faithfully on threefolds with very specific properties. Indeed, by
Proposition 2.4 there exists a regularization X˜ of the action of G on X . Applying a G-equivariant
minimal model program to X˜ we get a terminal G-Mori fiber space with regular and faithful action
of G. Since G can not be generated by less than 5 elements, X0 is a threefold described in points (a)
or (b) of theorem 1.4.
Moreover, this argument gives another proof of the first point of Theorem 1.4 since by Corollaries 4.8
and 4.9 any 3-group with a faithful action on threefolds described in points (a) or (b) can be generated
by 5 elements.
Appendix A. 3-groups and their representations
A.1. Generators. In this section we estimate number of elements generating groups. Consider a
situation where we have an estimation of the number of generators of a subgroup of a small index of
our group. In such situation we can estimate the number of generators of the whole group using the
next assertion.
Lemma A.1. Assume that G is a p-group and H is its subgroup of index pn. If H can be generated
by m elements, then G can be generated by n+m elements.
Proof. Choose an element g ∈ G outsideH and consider a subgroupH ′ ⊂ G generated bym generators
of H and g. We have
[G : H ′] < [G : H ].
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Thus, H ′ is a subgroup of index pn−1 or less. Then by induction we show that G can be generated
by n+m elements. 
Now consider the case when the groupG is an extension of two groups and we can estimate numbers
of generators of them.
Lemma A.2. Assume that a finite group G is an extension of a group G2 by a group G1 and each
group Gi can be generated by ni elements for i = 1 and 2. Then the group G can be generated
by n1 + n2 elements.
Proof. Choose sets of generators x1, . . . , xn1 and y1, . . . , yn2 of groups G1 and G2. Denote by x˜i the
image of xi in G and choose a preimage y˜j of yj in G.
Take an element z in G. Then the image of z in G2 equals to a product of generators
∏
ydii . Then
the product z · (
∏
y˜i
di)−1 maps to unity in G2. Thus, this product equals to
∏
x˜j
cj . Therefore, z can
be represented as a product of xj and yi and these elements generate the group G. 
If H is a subgroup of G and we know the number of generators of G then we can conclude almost no
information about the number of generators of H . For example, any finite group can be embedded to
a group of permutation SN ; though, SN can be generated by a transposition and a cycle of length N .
Nevertheless, if H is a subgroup of a direct product we can extract some information.
Lemma A.3. Assume that H ⊂
N∏
i=1
Gi and for each i any subgroup of Gi can be generated by ni
elements. Then H can be generated by
N∑
i=1
ni elements.
Proof. We prove this by induction by N . If N = 1, then the assertion is trivial. Assume that the
assertion is true for N − 1 and show it for N . Denote by prN the projection form the product to GN :
prN :
N∏
i=1
Gi → GN .
The groups prN (H) ⊂ GN and Ker(prN )∩H
N−1∏
i=1
Gi can be generated by nN and
N−1∑
i=1
ni respectively.
The group H is the following extension:
1→ Ker(prN ) ∩H → H → prN (H)→ 1
By Lemma A.2 we conclude that H can be generated by
N∑
i=1
ni elements. 
A.2. Heisenberg group. Denote by H3 a group of 27 elements with three generators x, y and z
and relations
x3 = y3 = z3 = 1;
xyx−1y−1 = z.
This group is called Heisenberg group, it can be generated by two elements x and y and its center is
generated by z. Thus, we have the following exact sequence.
1→ C3〈z〉 → H3 → C3〈x, y〉 → 1.
Here the group C3〈x, y〉 is isomorphic to a direct product of cyclic groups C3 × C3. The group H3
can be described as a subgroup of SL3(C) generated by the following matrices
X =
(
0 0 1
1 0 0
0 1 0
)
and Y =
(
1 0 0
0 ζ 0
0 0 ζ2
)
.
Here ζ is a primitive root of unity. In this realization the center of the group H3 is inside the group
of scalar matrices. Denote by N(H3) the normalizer of a Heisenberg group in SL3(C).
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Lemma A.4 ([Fei71, §8.5]). The quotient group N(H3)/H3 is isomorphic to SL2(F3).
The maximal 3-subgroup of SL2(F3) is isomorphic to a cyclic group C3. Denote by H˜3 the maxi-
mal 3-subgroup of N(H3). Then it is the following extension.
1→ H3 → H˜3 → C3 → 1
Lemma A.5. The image of the group H˜3 ⊂ SL3(C) under the projection to the group PGL3(C) is
isomorphic to H3.
Proof. Denote the standard projection SL3(C) → PGL3(C) by π. In the center of the group H3
in SL3(C) all matrices are scalar; and they map to unity in PGL3(C). Thus, the group W = π(H3)
can be considered as a vector space of dimension 2 over F3. Denote by m the generator of the
Sylow 3-subgroup of SL2(F3). In some coordinates w1 and w2 of W the generator m acts as the
following matrix:
M = ( 1 10 1 ) .
Thus, the group π(H˜3) is a non-abelian group of order 27 and all its elements are of order 3. Therefore,
it is a Heisenberg group. 
A.3. Consequents of linear algebra. We start with a description of p-subgroups of GL2(C).
Lemma A.6. If p 6= 2 is a prime number, then any p-subgroup G in GL2(C) is abelian and can be
generated by 2 elements.
G ∼= Cpn × Cpm .
Moreover, any p-subgroup of PGL2(C) is cyclic and its action on a projective line preserves a point.
Proof. Any embedding of a finite group G to GL2(C) induces a faithful representation of dimension 2
of the group G. The order of the group G divides the dimension of any irreducible representation of G.
Thus, if p 6= 2, a representation of dimension 2 of G is a sum of linear representations. Therefore, we
get the result. 
Now we consider Lie groups of higher rank.
Lemma A.7. If G is a 3-subgroup of PGL3(C), then it can be generated by 2 elements. If G is
a 3-subgroup of GL3(C), then it can be generated by 3 elements.
Proof. The first assertion can be proved as in [Bor61, Section 6.4]. To estimate the number of gener-
ators of a 3-subgroup G of GL3(C) we consider the following exact sequence.
1→ C∗ → GL3(C)
pi
−→ PGL3(C)→ 1.
The kernel of the map π|G is a subgroup of C
∗; thus, it is a cyclic group. The image π(G) is a 3-sub-
group of PGL3(C), thus, it can be generated by 2 elements. Lemma A.2 implies the result. 
The next assertion describes p-subgroups of a compact Lie group for all prime numbers p.
Theorem A.8 ([BS53, Theorem 1], [Bor61, Section 6.4]). Assume that G is a compact Lie group
and G is a p-subgroup in G . Then there exists a torus T ⊂ G such that the group G is a subgroup of
a normalizer N(T ).
In particular, if G is SLp(C) or PGLp(C), then the quotient group G/(G∩T ) is contained in Z/pZ,
generated by matrices of permutations.
Corollary A.9. Assume that a 3-subgroup G of GL3(C) can not be generated by 3 elements. Then
either G contains an abelian group C33, or in some basis it contains the following matrices (here ζ is
a primitive cube root of unity and λi are roots of unity of degree 3
ki).
σ =

 0 λ2 00 0 λ3
λ1 0 0

 t =

1 0 00 ζ 0
0 0 ζ2

(A.10)
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Proof. The group G ∩ T is abelian. If its rank equals 3, then G contains C33. Since G can not be
generated by 2 elements, rk(G ∩ T ) is greater than or equal to 2. Assume, that it equals 2.
By Theorem A.8 in some basis the group G is a subgroup of a normalizer of the torus T ⊂ GL3(C)
of diagonal matrices. Thus, there is an element σ ∈ G such that the conjugation by σ acts on G ∩ T
as a permutation of coordinates.
Consider t a non trivial element of G∩T . If elements t and σtσ−1 are not proportional, elements σ
and t generate an abelian subgroup of rank 3 in G∩ T and this contradicts to our assumption. Thus,
element σtσ−1 is proportional to t; and G contains a scalar matrix or the second matrix in (A.10).
Since the rank of G ∩ T equals 2, they both are in G. 
Now we can estimate the number of generators of a 3-subgroup in GLn(C) for n greater than 3.
Proposition A.11. Assume that 3 < n < 9 and G is a 3-subgroup in GLn(C). Then G can be
generated by n elements. If G is a 3-subgroup in PGLn(C), then G can be generated by n−1 elements.
Proof. The embedding of the group G to GLn(C) induces a representation of G of dimension n. Since
by assumption n < 9 this representation is isomorphic to a direct sum of irreducible representations
of dimensions 1 and 3. Thus, we have
(A.12) G ⊂ Πn−3ki=1 G
′
i ×Π
k
j=0G
′′
j .
Here G′i are cyclic 3-groups and G
′′j are 3-subgroups of GL3(C). By Lemmas A.3 and A.7 the group G
can be generated by n elements.
Now consider a 3-subgroup G of PGLn(C). Denote by G˜ a 3-subgroup of GLn(C) which maps
surjectively to G under the canonical projection. If G˜ can be generated by n − 1 elements, then G
also can. Assume, that G˜ can not be generated by less than n elements.
By Corollary A.9 the group G either contains an abelian subgroup of rank n or
(A.13) G˜ = H ′ ×H ′′,
where H ′ ⊂ GL3(C) and H
′′ ⊂ GLn−3(C). Moreover, H
′ contains matrices from (A.10) and the rank
of H ∩ T is greater than or equal to 2.
Assume, that G˜ is abelian of rank n. Then its image in PGLn(C) can be generated by n−1 element.
If G˜ is not abelian, then we have a decomposition (A.13). The group H ′ can not be generated by less
than 3 elements only if rk(H ′ ∩ T ) = 2 and H ′ is generated by a scalar matrix and matrices (A.10).
Thus, image of H ′ in PGL3(C) can be generated by 2 elements. The image of H
′′ in PGLn−3(C) can
be generated by n− 3 elements. Therefore, we get the result. 
Corollary A.14. If G ⊂ PGLn(C) is a 3-subgroup which can not be generated by less than k elements
and n < 9, then G contains an abelian subgroup A of rank k.
Proof. This assertion is true for images of subgroups of diagonal torus in GLn(C) as well as for images
of groups generated by matrices (A.10) and scalar matrices. Therefore, it is true for the image of
any 3-subgroup in GLn(C). 
Lemma A.15. Any 3-subgroup in the group GL2(Z) or GL3(Z) is cyclic.
This is proved in [Tah71]; so we skip the proof despite it follows from the above assertions.
Lemma A.16. Consider a 3-group G with an action on the lattice Λ ∼= Z2. Then the invariant
lattice ΛG can not be of rank 1.
Proof. The group G maps to the group of automorphisms of Λ which is isomorphic to SL2(Z). By
Lemma A.15 the image of group G is cyclic and it is isomorphic to C3n . Denote the generator of
this group by γ. The action of the operator γ on Λ has two eigenvalues λ1 and λ2 If the invariant
sublattice ΛG is non-trivial, then one eigenvalue λ1 equals 1. Since λ1 · λ2 = 1, we get that λ2 also
equals 1. Thus, either ΛG equals 0 or Λ. 
16 ALEXANDRA KUZNETSOVA
A.4. Quadric hypersurfaces. In this section we study quadric hypersurfaces and 3-groups with
actions on them.
Lemma A.17. Assume that X is a quadric hypersurface in Pd+1 and d < 7 If G is a 3-subgroup in
Aut(X), then G can be generated by d elements.
Proof. If X is a smooth hypersurface, then G is a subgroup in PSOd+2(C). By Corollary A.14 if G
can not be generated by less than m elements, then there is an abelian subgroup A ⊂ G of rank m.
However, any abelian subgroup of PSOd+2(C) is a subgroup of the torus of this group and the
dimension of torus of PSOd+2(C) equals ⌊
d+2
2 ⌋. Thus, we get the result:
m 6
⌊
d+ 2
2
⌋
6 d.
If X is a singular quadratic hypersurface, it is a cone with a vertex Z over a smooth quadric
hypersurface. After a blow up of this vertex we get a G-invariant projective bundle over a smooth
quadric hypersurface with a faithful action of G. Lemma 2.2 and Proposition A.11 implies the result.

Now we estimate the number of generators of a 3-group with an action on the intersection of several
quadric surfaces.
Lemma A.18. Consider a non-empty proper intersection Y of 3 quadric surfaces in P3. Assume
that G is a 3-group with an action on Y . Then there exists a subgroup H in G of index less than of
equal to 3 such that H preserves a point y in Y .
Proof. The dimension of Y can be equal to 0, 1 or 2. If dim(Y ) = 0, then Y is a union of less than or
equal to 8 points. Since the length of the orbit of a 3-group is a power of 3, then for any point y ∈ Y
the stabilizer Stab(y) ⊂ G is a subgroup of index 3 or less.
If dim(Y ) = 1, then Y is a union of curves C1 ∪ · · · ∪ Ck in P
3 and
deg(C1) + · · ·+ deg(Ck) = 4.
If Y is singular, then there are less than or equal to 6 singular points on it. The group G preserves
singular locus of C; thus the stabilizer of a singular point is s subgroup of index 3 or less.
If Y is a smooth irreducible curve, it is an intersection of two general quadric surfaces. Thus, the
family of quadric surfaces passing through Y is of dimension 1. There are 4 surfaces in this family
which are singular. The group G fixes the family and the set of singular surfaces in it. Consider the
subgroup H in G which preserves 4 degenerate fibers in the family. The index of H is less than or
equal to 3 and H fixes the family pointwise. Therefore, H acts trivially on Y .
If dim(Y ) = 2, then Y is a quadric surface in P3. If Y is singular, then it is a cone and its vertex
is either a point or a line. In any case by Proposition A.6 the group G fixes a point on Y . If Y is
smooth, then Y ∼= P1 × P1. By Proposition A.6 there exists a G-fixed point on Y . 
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